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a b s t r a c t
A digraph of order n is hypotraceable if it is nontraceable but all its induced subdigraphs
of order n − 1 are traceable. Grötschel et al. (1980) [M. Grötschel, C. Thomassen, Y.
Wakabayashi, Hypotraceable digraphs, J. Graph Theory 4 (1980) 377–381] constructed an
infinite family of hypotraceable oriented graphs, the smallest of which has order 13. We
show that there exist hypotraceable oriented graphs of order n for every n ≥ 8 except
possibly for n = 9, 11 and that K2 is the only one of order less than 8.
Furthermore,wedetermine all the hypotraceable oriented graphs of order 8 and explain
the relevance of these results to the problem of determining, for given k ≥ 2, themaximum
order of nontraceable oriented digraphs each of whose induced subdigraphs of order k is
traceable.
© 2011 Elsevier B.V. All rights reserved.
1. Background and motivation
If D is a digraph, we denote by V (D) its vertex set and by A(D) its arc set. Further, the order of D is n(D) = |V (D)| and
the size of D is |A(D)|. If F is a subdigraph of D, we write F ⊆ D. We denote the sets of out-neighbours and in-neighbours of a
vertex v of D by N+(v) and N−(v) and the cardinalities of these sets by d+(v) and d−(v), respectively. A vertex v is called a
source (sink) if d−(v) = 0 (d+(v) = 0).
A directed path (cycle, walk) in a digraph will simply be called a path (cycle, walk). The circumference c(D) of a digraph
D is the order of a longest cycle in D and a cycle of order c(D) is a circumference cycle of D. A path (cycle) of order n is called
an n-path (n-cycle). An oriented graph is a digraph without 2-cycles, i.e., cycles of order 2. We call a vertex v in a digraph D
a 2-cycle destroyer if D− v is an oriented graph. (Note that every vertex in an oriented graph is a 2-cycle destroyer.)
A digraph is traceable (Hamiltonian) if it contains a path (cycle) that visits every vertex and strong (or strongly connected)
if it has a closed walk that visits every vertex. A strong component of a digraph D is a maximal strong subdigraph of D. The
strong components of a digraph have an acyclic ordering (cf. [1]), i.e. they may be labelled D1,D2, . . . ,Dh such that there is
an arc from Di to Dj only if i ≤ j. We assume such a labelling throughout the paper.
A digraph D is hypoHamiltonian if D is not Hamiltonian but D − v is Hamiltonian for every v ∈ V (D). Similarly, D is
hypotraceable if D is not traceable but D− v is traceable for every v ∈ V (D).
A digraph is k-traceable if it has at least k vertices and each of its induced subdigraphs of order k is traceable. Thus an
oriented graph of order n is hypotraceable if and only if it is (n− 1)-traceable but not n-traceable.
HypoHamiltonian and hypotraceable digraphs constitute interesting but very complicated classes of digraphs. Grötschel
and Wakabayashi show in [6,7] that certain hypoHamiltonian digraphs as well as certain hypotraceable digraphs induce
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facets of themonotone asymmetric travelling salesmanpolytopes and they speculate that, because of these very complicated
facets, it is unlikely that an explicit characterisation of these polytopes can ever be given.
Thomassen [9] proved in 1978 that there exists a hypoHamiltonian digraph of order n if and only if n ≥ 6. (This was
also proved independently by Grötschel andWakabayashi [8] and Fouquet and Jolivet [3].) Thomassen [9] also described an
infinite class of hypoHamiltonian oriented graphs, the smallest of which has order 12.
In 1980, Grötschel, Thomassen, and Wakabayashi [5] observed that one can obtain a hypotraceable digraph of order n
from a hypoHamiltonian digraph H of order n− 1 by splitting a vertex of H into a source and a sink. This construction yields
hypotraceable digraphs of order n for every n ≥ 7. By using in this construction the hypoHamiltonian oriented graphs de-
scribed by Thomassen [9], an infinite family of hypotraceable oriented graphs is obtained, the smallest of which has order 13.
More generally, a hypotraceable oriented graph may be obtained from any hypoHamiltonian digraph containing a 2-
cycle destroyer. In Section 2 we construct, for every m ≥ 4, a hypoHamiltonian digraph H2m−1 of order 2m − 1 that is not
an oriented graph but contains a 2-cycle destroyer. (We found no such graphs in the literature.) By splitting the 2-cycle
destroyer of H2m−1 into a source and a sink, we obtain a hypotraceable oriented graph A2m of order 2m for every m ≥ 4.
Then we use certain pairs of hypotraceable oriented graphs in other constructions described by Grötschel et al. in [5,8] to
obtain hypotraceable oriented graphs of order 2m+1 for everym ≥ 6.We conclude that there exist hypotraceable oriented
graphs of order n for every n ≥ 8, except possibly for n = 9, 11.
In Section 3 we show that A8 is the smallest connected hypotraceable oriented graph, i.e., it is the one of smallest order
and size. (Obviously, K2 is the only disconnected hypotraceable graph.) Furthermore, we determine all the hypotraceable
oriented graphs of order 8.
In Section 4 we explain the relevance of these results to the problem of determining, for given k, the maximum order of
nontraceable k-traceable oriented graphs.
2. Construction of hypotraceable oriented graphs
The following two methods for constructing hypotraceable digraphs are described by Grötschel et al. in [5]. The first
method uses a hypoHamiltonian digraph, while the second uses two hypotraceable digraphs, each having a source and a
sink.
Construction 1 ([5]). Consider any hypoHamiltonian digraph H having order n− 1 and let y ∈ V (H). Now split y into two
vertices x and z such that all the out-neighbours of y become out-neighbours of x and all the in-neighbours of y become
in-neighbours of z. The result is a hypotraceable digraph of order n. We say that it is obtained from H by splitting y into a
source and a sink.
Construction 2 ([5]). For i = 1, 2, let Ti be a hypotraceable digraph of order ni, with a source xi and a sink zi. Form the
disjoint union of T1 and T2. Then identify x1 and z2 to a single vertex and identify z1 and x2 to a single vertex. The result,
which we denote by T1 ∗ T2, is a strong hypotraceable digraph of order n1 + n2 − 2.
The next construction, due to Grötschel andWakabayashi [8], also uses two hypotraceable digraphs, each having a source
and a sink.
Construction 3 ([8]). For i = 1, 2, let Ti be a hypotraceable digraph of order ni, with a source xi and a sink zi such that
T1 − {x1, z1} contains a pair of distinct vertices y1 andw1 satisfying the following two conditions:
(i) T1 − z1 has a Hamiltonian path terminating in y1.
(ii) T1 does not contain two vertex disjoint paths P1 and P2 having initial vertices in {x1, w1} and having terminal vertices
in {y1, z1} such that V (P1) ∪ V (P2) = V (T1).
Let a2 be the initial vertex of a Hamiltonian path of T2− x2. Now form the disjoint union of T1 and T2, then identify z1 and a2
to a single vertex and add the arcs z2x2, z2w1, and y1x2. The result, which we denote by T1  T2, is a hypotraceable digraph
of order n1 + n2 − 1.
It is remarked in [5] that hypotraceable oriented graphs can be obtained by using hypoHamiltonian oriented graphs in
Construction 1. Thomassen [9] proved that the Cartesian products
−→
C 3 × −→C 6k+4 (k ≥ 0) and −→C k × −→C mk−1 (k ≥ 3,m ≥
1,mk ≥ 4) are hypoHamiltonian oriented graphs. Byusing these graphs in Construction1, an infinite family of hypotraceable
oriented graphs is obtained. The smallest oriented graph in this family is obtained by splitting a vertex of
−→
C 3 ×−→C 4 into a
source and a sink and hence has order 13. We denote it by G13.
We now construct, for everym ≥ 3, a hypoHamiltonian digraph H2m+1 of order 2m+ 1 that is not an oriented graph but
contains a 2-cycle destroyer.
Construction 4. H7 and H9 are the hypoHamiltonian digraphs depicted in Fig. 1. (The 2-cycles are depicted by means of
undirected edges.)
For m ≥ 5 we construct the digraph H2m+1 by starting with the 2m-cycle v1v2 . . . v2mv1 and another vertex y and then
adding arcs to form the following cycles:
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Fig. 1. HypoHamiltonian digraphs of orders 7 and 9.
Fig. 2. HypoHamiltonian digraphs of orders 11 and 13.
The 2-cycles yv2iy, i = 1, 2, . . . ,m.
Them-cycle v1v2m−1v2m−3 . . . v5v3v1.
Them-cycle v1v5v9 . . . v2m−1v3v7 . . . v2m−3v1 ifm is odd.
Them-cycles v1v5v9 . . . v2m−3v1 and v3v7v11 . . . v2m−1v3 ifm is even.
Note that the vertex y is a 2-cycle destroyer of H2m+1. The digraphs H11 and H13 are depicted in Fig. 2.
Theorem 2.1. The digraph H2m+1 is hypoHamiltonian for every m ≥ 3.
Proof. It is easy to check, by inspection, that H7 and H9 are hypoHamiltonian. Now let m ≥ 5. Suppose H2m+1 has a
Hamiltonian cycle C . Then v2iyv2j is a subpath of C for some distinct pair i, j. Due to the symmetry of the digraph we only
need to consider the following two cases.
Case 1. Suppose i, j ∈ {m− 1,m}. Then, for every r ∈ {1, 2, . . . ,m− 2}, the path v2r−1v2rv2r+1 is a subpath of C . Hence
v1v2 . . . v2m−3 is a subpath of C . So the path v2mv1 . . . v2m−3v2m−2 is forced to be a subpath of C . But then v2m−1 and y cannot
both lie on C .
Case2. Suppose i, j ∈ {ℓ,m}, where ℓ ∈ {2, 3, . . . ,m−2}. Then an argument similar to the above shows that v1v2 . . . v2ℓ−1
and v2ℓ+1v2ℓ+2 . . . v2m−1 are both subpaths of C , which is clearly not possible.
Hence H2m+1 is nonHamiltonian. Next we show that H2m+1 − v is Hamiltonian for every v ∈ V (H2m+1). From the
construction and symmetry of H2m+1 it is clear that we need to consider only one of the vertices v2i, i = 1, 2, . . . ,m, say v2.
Now H2m+1 − v2 contains the Hamiltonian cycle yv2mv1v2m−1v3v4 . . . v2m−2y. Hence H2m+1 is hypoHamiltonian. 
For each m ≥ 4 we obtain a hypotraceable oriented graph A2m by splitting the 2-cycle destroyer of H2m−1 into a source
and a sink. The graph A8, depicted in Fig. 4, is the hypotraceable oriented graph obtained from H7 by splitting the 2-cycle
destroyer y into a source x and a sink z.
Thus, from Constructions 1 and 4 we obtain hypotraceable oriented graphs of every even order greater than or equal to
8, each having a source and a sink. We can now use these hypotraceable oriented graphs in Construction 2 to obtain strong
hypotraceable oriented graphs. We note that for eachm ≥ 4, the graph A8 ∗ A2m has order 2m+ 6 and G13 ∗ A2m has order
2m+ 11. Thus, using the graphs G13 and A2m (m ≥ 4) in Construction 2, we obtain a strong hypotraceable oriented graph of
order n for every n ≥ 14, except for n = 15, 17. Fig. 3 depicts a strong hypotraceable oriented graph of order 14.
In order to obtain hypotraceable oriented graphs of order 15 and 17, we note that the graph A8 satisfies the conditions
of Construction 3 withw = v5 and y = v6. Thus A8  A8 and A8  A10 are hypotraceable oriented graphs of order 15 and 17,
respectively.
We conclude that there exists a hypotraceable oriented graph of order n for every n ≥ 8, except possibly for n = 9, 11.
We note further that there exist hypotraceable oriented graphs with precisely h strong components for every h ≥ 1. (The
case h = 2 is provided by the above application of Construction 3, and all other cases are provided by constructions in [5].)
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Fig. 3. A strong hypotraceable oriented graph of order 14.
Fig. 4. The hypotraceable oriented graphs of order 8 of smallest and largest size.
3. Hypotraceable oriented graphs of order 8
It is shown in [4] that there does not exist a connected hypotraceable oriented graph of order less than 8. In this section
we show that every hypotraceable oriented graph of order 8 is a supergraph of the graph A8 and a subgraph of the graph B8
shown in Fig. 4.
We shall frequently use the following easy observations. The first one is known as the Lollipop Lemma—see [2].
Observation 3.1. (i) Let C be an r-cycle and P a p-path in an oriented graph D. If the initial vertex of P has an in-neighbour
on C or the terminal vertex of P has an out-neighbour on C , then D has a path of order p+ r .
(ii) Suppose v1 . . . vcv1 is a circumference cycle of an oriented graph D and u1 . . . up is a path in D − V (C) such that
v1 ∈ N−(u1). Then vj ∉ N+(up) for j = 2, . . . ,min{c, p+ 1}.
The following simple consequences of the definition of hypotraceability will also be frequently used.
Lemma 3.2. For a hypotraceable digraph D the following hold.
(i) D does not have a vertex with in-degree 1 or out-degree 1.
(ii) If D has a vertex v such that d−(v) = 2 (or d+(v) = 2), then the in-neighbours (or out-neighbours) of v are nonadjacent.
(iii) Suppose v and w are two distinct nonadjacent vertices in D. If d−(v) = 2, then N−(v) ≠ N−(w). Similarly, if d+(v) = 2,
then N+(v) ≠ N+(w).
Proof. We present the proof of each item with respect to in-degrees. The results with respect to out-degrees are obtained
by reversing all arcs.
(i) Suppose some vertex v ∈ V (D) has exactly one in-neighbour u. Since D is hypotraceable, D− u has a Hamiltonian path
P . Since v has no in-neighbour in D−u, it follows that v is the initial vertex of P . But then uP is a Hamiltonian path of D.
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(ii) Suppose D has a vertex v with exactly two in-neighbours u1 and u2 and suppose u1u2 ∈ A(D). Let P be a Hamiltonian
path of D− u2. Since u1 is the only in-neighbour of v in D− u2, the path P either has v as initial vertex, or contains the
arc u1v. If the former is true, then u2P is a Hamiltonian path of D. If the latter is true, then the path obtained from P by
replacing the arc u1v with the path u1u2v is a Hamiltonian path of D.
(iii) Suppose N−(v) = N−(w) = {u1, u2}. Let P be a Hamiltonian path in D − u1. Then u2 is the only possible predecessor
on P for both v andw, so one of v andw is the initial vertex of P . But then u1P is a Hamiltonian path of D. 
Our next result is an immediate consequence of Lemma 3.2(i) and (ii).
Corollary 3.3. Let Y be a nontrivial strong component of a hypotraceable oriented graph D, let Q be a path or a cycle in Y and let
y ∈ V (Y ). If N−(y) ⊆ V (Q ), then N−(y) contains two nonconsecutive vertices of Q . Similarly, if N+(y) ⊆ V (Q ), then N+(y)
contains two nonconsecutive vertices of Q .
Corollary 3.4. Suppose C is a circumference cycle of a strong component Y of a hypotraceable oriented graph D and there is a
vertex y in Y − V (C) such that N(y) ⊆ V (C). Then c(Y ) ≥ 6.
Proof. Observation 3.1(ii) implies that if v is an in-neighbour of y on C , then the successor of v on C is not an out-neighbour
of y. This together with Corollary 3.3 implies that C has at least 6 vertices. 
We also need the following two results on the orders of the strong components of a hypotraceable oriented graph. The
first is due to Grötschel and Wakabayashi [8] and the second is a special case of Lemma 2.5 in [4].
Lemma 3.5 ([8]). Every nontrivial strong component of a hypotraceable digraph has order of at least 5.
Lemma 3.6 ([4]). Every nonHamiltonian nontrivial strong component of a hypotraceable oriented graph has order of at least 6.
Our next two results show that every hypotraceable oriented graph of order 8 has at least 3 strong components.
Lemma 3.7. There does not exist a strong hypotraceable oriented graph of order 8.
Proof. Suppose, to the contrary, that D is a strong hypotraceable oriented graph of order 8. First we show that c(D) ∈ {5, 6}.
Since D is connected, it follows from Observation 3.1(i) that c(D) ≠ 7. Now let x be a vertex of D and P = v1v2 . . . v7 be a
Hamiltonian path of D−x. Since D is strong and hypotraceable, Corollary 3.3 implies that v1 has at least two nonconsecutive
in-neighbours on the path v3v4v5v6 and therefore at least one of v5 and v6 is an in-neighbour of v1. Hence c(D) ∈ {5, 6}.
Now suppose c(D) = 5 and let C = v1v2 . . . v5v1 be a 5-cycle in D. Let V (D)− V (C) = {x1, x2, x3} and H = ⟨{x1, x2, x3}⟩.
Then by Corollary 3.4, N(xi) ⊈ V (C) for i = 1, 2, 3, so H is connected. Since D is strong, it follows from Lemma 3.2(i) and
Observation 3.1(i), that H is nontraceable. Hence, without loss of generality, we may assume that E(H) = {x1x3, x2x3}. Then
N+(x3) ⊆ V (C), and hence, by Corollary 3.3, we may assume that {v1, v3} ⊆ N+(x3). But then, by Observation 3.1(ii),
{v1, v2, v4, v5} ∩ N−(x1) = ∅. Hence N−(x1) = {v3}, contradicting Lemma 3.2(i). Therefore c(D) ≠ 5.
Now let C = v1 . . . v6v1 be a 6-cycle in D and let V (D) − V (C) = {x1, x2}. Since D is strong, x1 and x2 each have
an in-neighbour as well as an out-neighbour in D, so it follows from Observation 3.1(i) that x1 and x2 are nonadjacent.
Thus N(x1) ∪ N(x2) ⊆ V (C), so Corollary 3.3 implies that xi has two nonconsecutive in-neighbours as well as two
nonconsecutive out-neighbours on C , for i = 1, 2. Let us assume v1 ∈ N+(x1). Then, if either v3 or v5 is in N+(x1), it
follows from Observation 3.1(ii) that x1 does not have two nonconsecutive in-neighbours on C . Hence N+(x1) = {v1, v4}
and N−(x1) = {v2, v5}. If v3 ∈ N(x2), then either x2v3v4v5v6v1v2x1 or x1v4v5v6v1v2v3x2 is a Hamiltonian path of D.
Hence v3 ∉ N(x2) and similarly v6 ∉ N(x2), so N(x2) = {v1, v2, v4, v5}. But then a final application of Corollary 3.3 and
Observation 3.1(ii) shows that N+(x2) = {v1, v4} and N−(x2) = {v2, v5}, contradicting Lemma 3.2(iii). Thus c(D) ≠ 6,
which provides our final contradiction. 
Lemma 3.8. There does not exist a hypotraceable oriented graph of order 8 with exactly two strong components.
Proof. Suppose D is a hypotraceable oriented graph of order 8 with strong components D1 and D2. Since D is nontraceable,
at least one of the strong components, say D2, is nonHamiltonian and nontrivial. Since a strong oriented graph cannot have
order 2, it follows from Lemma 3.6 that n(D1) = 1 and n(D2) = 7. Let x be the vertex of D1 and let y ∈ N+(x). Then, since
y has an out-neighbour in D2, it follows that D2 − y is nonHamiltonian, otherwise D would be traceable. We shall use the
following observation repeatedly.
Claim. If xwu1u2u3u4u5 is a Hamiltonian path of D− y, then {u1, u3} ⊆ N+(u5).
Proof of Claim. Since D2 − y is nonHamiltonian, N+(u5) ⊆ {u1, u2, u3} and hence Corollary 3.3 implies that {u1, u3} ⊆
N+(u5). 
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It follows from this observation that x has two out-neighbours w and y such that D2 − {w, y} is Hamiltonian. Let
C = v1v2v3v4v5v1 be any 5-cycle in D2 − {w, y}. If y ∈ N+(w) then xwy is a path and since y has an out-neighbour on
C , it would follow that D has a Hamiltonian path. Therefore, y ∉ N+(w) and hence, in view of Lemma 3.2(i) and (ii), we may
assume without loss of generality that v1, v3 ∈ N+(w). Then both xwv1v2v3v4v5 and xwv3v4v5v1v2 are Hamiltonian paths
of D − y, so, by the claim, v3 ∈ N+(v5) and v5 ∈ N+(v2). But then each of v2, v4, v5 is a terminal vertex of a Hamiltonian
path of D2 − y starting atw, so v2, v4, v5 ∉ N−(w). Thus x is the only in-neighbour ofw, contradicting Lemma 3.2(i). 
Lemma 3.9. If D is a hypotraceable oriented graph of order 8, then D has exactly three strong components, D1,D2, and D3, where
D2 is Hamiltonian and of order 6.
Proof. Suppose D is a hypotraceable oriented graph of order 8. By Lemmas 3.7 and 3.8, D has at least three strong
components. Since D is hypotraceable, it does not have two consecutive strong components of order 1 and hence it follows
from Lemma 3.5 that n(D1) = 1, n(D2) = 6, and n(D3) = 1. Let x and z be the vertices of D1 and D3, respectively. Now
suppose D2 is nonHamiltonian. We shall use the following claims repeatedly.
Claim 1. Every vertex in D2 is a neighbour of at least one of x and z.
Claim 2. If v1v2v3v4v5v6z is a Hamiltonian path of D − x, then {v3, v5} ⊆ N−(v1) and similarly, if xw1w2w3w4w5w6 is a
Hamiltonian path of D− z, then {w2, w4} ⊆ N+(v6).
Claim 3. Suppose D2 − w contains a 5-cycle C for somew ∈ V (D2). Then the following hold.
(a) xwz is a path in D.
(b) If w has two in-neighbours (or two out-neighbours) on C, then they are consecutive vertices of C.
Proof of Claims. 1. Suppose some vertex v in D2 is nonadjacent with both x and z. Let P = xu1u2u3u4u5z be a Hamiltonian
path of D − v. Since D is nontraceable, no successor of an in-neighbour of v on P is an out-neighbour of v. Moreover, it
follows from Corollary 3.3 that v has two nonconsecutive in-neighbours as well as two nonconsecutive out-neighbours
on P . Now suppose u1 ∈ N+(v). Then, since D2 is nonHamiltonian, u5 ∉ N−(v) and hence v2, v4 ∈ N−(v). But then
neither u3 nor u5 is an out-neighbour of v. This contradiction shows that u1 ∉ N+(v). Also, u5 ∉ N+(v), since otherwise
v1, v3 ∈ N−(v) and thus neither u2 nor u4 is an out-neighbour of v. Hence {u2, u4} ⊆ N+(v). But then neither u1 nor u3
is an in-neighbour of v, contradicting Lemma 3.2(i).
2. This observation follows directly from Corollary 3.3, since the in-neighbours of v1 are contained in P and the out-
neighbours ofw6 are contained in Q .
3. Let C = u1u2u3u4u5u1.
(a) Suppose xw ∉ A(D). Thenwz ∈ A(D) by Claim 1 and, by Corollary 3.3, wemay assumewithout loss of generality that
{u1, u3} ⊆ N−(w). Then, since D2 is nonHamiltonian, neither u2 nor u4 is an out-neighbour ofw. Hence it follows by
Lemma 3.2(i) that N+(w) = {u5, z}. Furthermore, since u2u3u4u5u1wz and u4u5u1u2u3wz are Hamiltonian paths of
D− x, it follows by Claim 2 that u4 ∈ N−(u2) and u1 ∈ N−(u4). But thenwu5u1u4u2u3w is a Hamiltonian cycle of D2,
contradicting our assumption. This proves that xw ∈ A(D). A symmetric argument shows thatwz ∈ A(D).
(b) By Claim 3(a), xwz is a path. Hence, if {u1, u3} ⊆ N−(w), it follows exactly as in the proof of (a) thatD2 is Hamiltonian.
This shows thatw cannot have two nonconsecutive in-neighbours (or out-neighbours) on C . 
It follows from Claim 2 that D2 contains a 5-cycle C = v1v2v3v4v5v1. Let y be the remaining vertex of D2. By Claim 3(a),
xyz is a path in D.
Now suppose y has only one in-neighbour on C , say v5. Then, by Lemma 3.2(ii), v5 is not a neighbour of x, so by Claim 1,
v5 ∈ N−(z) and by Corollary 3.3, v2 ∈ N−(v5). Furthermore, x ∉ N−(v1) otherwise xv1v2v3v4v5yz is a Hamiltonian path in
D. Hence, by Claim 1, z ∈ N+(v1). Also, since D2 is nonHamiltonian, y ∉ N−(v1) and hence, by Corollary 3.3, v3 ∈ N−(v1).
Now we consider N+(y). Suppose v2 ∈ N+(y). Then D2 − v1 contains the 5-cycle yv2v3v4v5y, but this contradicts
Claim 3(a), since xv1 ∉ A(D). Hence v2 ∉ N+(y). Now suppose that v4 ∈ N+(y). Then v3 ∉ N−(z) otherwise xyv4v5v1v2v3z
is a Hamiltonian path in D, so v3 ∈ N+(x). Now xv3v1v2v5yv4 is a path in D − z, so Claim 2 implies that v1 ∈ N+(v4). But
then xv3v4v1v2v5yz is a Hamiltonian path of D. Hence v4 ∉ N+(y), so N+(y) = {v3, z}. Since D−v3 is traceable and y has no
out-neighbour inD2−v3, it follows that C−v3 has a Hamiltonian path starting at v2 or v4 and ending in v5. The only possible
such path is v4v1v2v5. But then xyv3v4v1v2v5z is a Hamiltonian path of D. This contradiction proves that y has at least two
in-neighbours on C . By symmetry, y also has at least two out-neighbours on C . Hence, by Claim 3(b) and Observation 3.1(ii)
we may assume, without loss of generality, that N−(y) = {v4, v5} and N+(y) = {v2, v3, z}. Then v1 ∉ N+(x), otherwise
xv1v2v3v4v5yz is a Hamiltonian path in D. Hence by Claim 1, v1 ∈ N−(z). But then xyv2v3v4v5v1z is a Hamiltonian path in
D. This completes the proof of the lemma. 
Our next result shows that A8 is the smallest hypotraceable oriented graph.
Lemma 3.10. If D is a hypotraceable oriented graph of order 8, then A8 ⊆ D.
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Fig. 5. (a) v4 ∈ N+(y); (b) v3 ∈ N+(y).
Proof. SupposeD is a hypotraceable oriented graph of order 8. By Lemma3.9,D has exactly three strong components,D1,D2,
and D3, such that n(D1) = 1, n(D2) = 6, n(D3) = 1, and D2 is Hamiltonian. Let V (D1) = {x} and V (D3) = {z}.
Let C be a 6-cycle in D2. Then, since D is nontraceable, the predecessor of an out-neighbour of x on C cannot be an
in-neighbour of z. This implies that some vertex of D, say v6, is nonadjacent with both x and z. Let P = xv1v2v3v4v5z be a
Hamiltonian path ofD−v6. ThenN(v6) ⊆ V (P), so Corollary 3.3, togetherwith the fact that the successor of an in-neighbour
of v6 on P cannot be an out-neighbour of v6, implies that N+(v6) = {v1, v4},N−(v6) = {v2, v5}. Thus it also follows from
Lemma 3.2(ii) that {v1, v4} and {v2, v5} are independent sets.
Now consider the 6-cycle v1v2 . . . v6v1. We note that N+(v4) ≠ {v5, z}, since v5 is adjacent to z. Hence v2 ∈ N+(v4).
Suppose v3 is nonadjacent with both x and z. Then it follows from Lemma 3.2(i) and (ii) that N+(v3) = {v1, v4} = N+(v6),
contradicting Lemma3.2(iii). Hence v3 is a neighbour of at least one of x and z. By symmetrywemay assume that v3 ∈ N+(x).
Now, if z ∉ N+(v3) then, by Lemma 3.2(ii), v1 ∈ N+(v3), but then xv3v1v2v6v4v5z is a Hamiltonian path of D. Hence
z ∈ N+(v3). Similarly, x ∈ N−(v5) and z ∈ N+(v1). Hence A8 is a subdigraph of D. 
It is easy to check that the graph B8, depicted in Fig. 5, is the only maximal nontraceable oriented graph containing A8.
Thus we have proved the following.
Theorem 3.11. If D is a hypotraceable oriented graph of order 8, then A8 ⊆ D ⊆ B8.
4. Nontraceable k-traceable oriented graphs
Recall that an oriented graph is k-traceable if it has at least k vertices and each of its induced subdigraphs of order k
is traceable. Thus a nontraceable digraph of order k + 1 is hypotraceable if and only if it is k-traceable. Our interest in
hypotraceable oriented graphs was sparked by our attempts at settling the following conjecture—see [10,11,4].
The Traceability Conjecture. For k ≥ 2, every k-traceable oriented graph of order at least 2k− 1 is traceable.
The following result shows the importance of hypotraceable oriented graphs in determining the existence of nontraceable
k-traceable oriented graphs of given order.
Lemma 4.1 ([4]). If k ≥ 3 andD is a nontraceable k-traceable oriented graph of order n, thenD contains a hypotraceable oriented
graph of order h as an induced subdigraph for some h ∈ {k+ 1, k+ 2, . . . , n}.
Theorem 3.11 implies the following.
Corollary 4.2. If D is a hypotraceable oriented graph of order 8 and 2 ≤ k ≤ 8, then D is k-traceable if and only if k = 7.
Proof. Since D is hypotraceable, it is 7-traceable and not 8-traceable. By Theorem 3.11, D is a spanning subdigraph
of B8. Thus D is not k-traceable for k = 2, 3, 4, 5, 6, since the subdigraphs of D induced by {v1, v4}, {x, v1, v4},
{x, v1, v4, z}, {x, v1, v4, v6, z} and {x, v1, v2, v4, v6, z}, respectively, are nontraceable. 
Our results on the order of hypotraceable oriented graphs, together with Corollary 4.2 are used in [10] to prove the
following.
Theorem 4.3. For k = 2, 3, 4, 5, 6, every k-traceable oriented graph is traceable, and for k ≥ 7, except possibly for k = 8, 10,
there exists a nontraceable k-traceable oriented graph of order k+ 1.
For k ≥ 7, the following result provides the best bound on the order of nontraceable k-traceable oriented graphs that we
have found so far.
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Theorem 4.4 ([10,11]). Let k ≥ 7 and suppose D is a nontraceable k-traceable oriented graph of order n with independence
number α. Then
(i) n < 6k− 20 if α ≥ 3
(ii) n < 2k2 − 20k+ 59 if α = 2.
Lemma 4.1 together with Theorem 4.4 imply that if there does not exist a hypotraceable oriented graph of order greater
than 8 with independence number 2, then every k-traceable oriented graph of order at least 6k − 20 will be traceable.
Although K2 and B8 are hypotraceable oriented graphs with independence number 2, we have not found any of order
greater than 8. Reducing the bound on n in Theorem 4.4(ii) to a linear bound will bring us a step closer towards proving
the Traceability Conjecture.
We pose the following questions.
Question 1. Does there exist a hypotraceable oriented graph of order 9 or 11?
Question 2. Does there exist a hypotraceable oriented graph of order greater than 8 that has independence number 2?
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